Let N be an odd integer thought to be prime. The properties of special functions which are generalizations of the functions of Lehmer (Ann. of Math., v. 31, 1930, pp. 419-448) are used to develop algorithms that produce information concerning the possible prime divisors of N. It is shown how the factors of N ± 1, N + 1, 2 N ± N + 1, together with the factor bounds on these numbers, may all be used to calculate lower bounds for the possible prime divisors of N. Frequently, these bounds are large enough that N may be shown to be prime.
algorithms. In the last two sections we discuss the results of a computer run on the numbers labelled pseudoprime in the table of factors of ln and fn in Jarden [2] . We also present several detailed examples.
It should be noted at this point that D. H. Lehmer [3] , [4] has previously considered the possibility of using factors of A2 + A + 1 to demonstrate the primality of A. His technique, however, involves the use of Pierce's [6] functions; and it also requires that N2 + N + 1 be completely factored.
2. The Function Cn. Let/(x) be a polynomial xs-Pxx^x +P2xs~2 + (-l)t with integer coefficients and s distinct zeros px, p2, . . . , ps.
Let Q be an integer such that (Pv P2, . . . , Ps, Q) = 1 ; and let a(., ß{ (i = 1, 2, . . . , s) be the zeros of x2 -p¡x + Q (i = 1, 2, . . . , s). Put Pf' W>2) P'2+i
The function Cn is then defined to be the greatest common divisor (V1 , V2 , 3 ,n> • • • ' *s-l,n) 0X Vl,n> ^2,n' ^3,n' ' ' • ' "s-l ,n'
As we shall be most concerned in this paper with the case s = 3, we conclude this section with some special properties of V~0 n, Vx n, V2 n, Cn for s = 3. We first note that A = P\P\ + 18^^3 -AP3 -AP3P3 -21 P\, E = (P3 + AQPX)2 -Q(2P2 + 8Q)2.
The first few values for the functions V0 n, V1 n and V2 n are given in the following table.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use when 772 is odd. If m is even, replace the Q in these formulas by P2. Using these formulas, we can evaluate Yk, and Zk in 0(log k) operations. Since (Yk, Zk, A) = (V1 k, V2 k, A), we see that this technique can be used for evaluating (Ck, A).
3. Properties of Cn. In [9] several divisibility properties of Cn are presented;
for example, Cn \Cmn if 721772. The following definition is also given.
Let 772 be any integer such that (772, Q) = 1 and let CT be the first term of the sequence (*) C,, C2, C3, . . . , Cn, . . . in which 772 occurs as a factor. We define the increasing sequence of integers
by saying that CT is the first term of the sequence (*) such that 772 \CT_ and r^r-(z = 0, 1,2,... ,/ -1). We call these r's the orders of apparition of 772 and denote them by T.
-(m).
It is then demonstrated that if (m, Q) = 1, then any order of apparition rim) must be a divisor of 2$(m), where <&(m) is a rather complicated function which depends on 772, Q, and the polynomial fix). When fix) is irreducible modulo a prime p and s is odd, we can obtain some special results about the orders of apparition of p. We first give some simple lemmas. hence, P\Cn. We are now able to prove the following Theorem . If p \ 2AEQ and fix) is of odd degree s and irreducible modulo p, then there is only one order of apparition 7 of p and r | (ps -e)/ip -e), where e = iE \p) iLegendre Symbol).
Proof. Let p* be a zero of fix) in GF^] ; then the other zeros are given by p*p, p*p , . . . , p*p also p*p = p*. Let a*, ß* be the two zeros of x2 -p*x + gin GF[p2s]. We have v"(p*) = a*n +ß*n. Now (2a* -p*)2 = p*2 -4<2; hence,
We see that (2a* -p*Y = e(2a* -p*) and !a* if e = 1, ß* ife = -l.
Putting k = (ps -e)l(p -e), we get v (pxy _ a*kp + ß*kp _ a*(p-e)k + ek + |j*(p-e)fc + efc = a*(PS-e)a*ek + ß*<-PS-^ß**k = üfc(p*).
It follows that/jit^. Proof. Let t be an order of apparition of p such that r 1772. Clearly, since p\Cm, such a r must exist. Now PJ(Cm,q; hence, rJfmlq; and consequently, qa \t. Since tip) I ^ip), we have \¡/(p) = 0 (modtf). 4 . The Sequences {Ó1^} ■ In the remainder of this paper we will consider s to have the value 3.
Let A^ be an integer which we wish to test for primality. Select a prime P such that P = 1 (mod 3) and iN\P) * 1, and let AP = S2 + 27r2, where S = 1 (mod 3). 
Then
It follows that
Since £<'> = (p2 -4ß)(p2 -4ß)(p2 -4ß), we have E® = F2G, where V = 43C7y(a1)na2)na3)^(a1K(a2)J(o3). It should be noted that if NfC'-'K , then N is composite.
N2 + dN+l
We are now able to prove some theorems which give some information about possible prime factors of A should any of (1), (2) Theorem. If 9 = 1, (2) is true, and p is any prime divisor ofN, then \p(p) = 0 (mod q), where q is some prime divisor of R3 depending on p.
Proof. Let t = r(p) be an order of apparition of p such that r |A^2 + A^ + 1 ; then t-!(F3; and consequently, (R3, r) > 1. Thus there must exist a prime q such that q \R3 and q \ t. Since t | \b(p), the theorem follows.
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If 9 = -1 and (3) is true, and p is any prime divisor of N, then
Theorem. // 0 = -1, (4) is true and p is any prime divisor of A, then
where q is some prime divisor of R6 depending on p.
The theorems requiring the truth of either (2) or (4) are unfortunately not as useful here as their analogues in [1] or even [10] ; however, we will show in a later section how these theorems can occasionally be useful.
We conclude this section with two results which allow us to demonstrate the primality of A when either A2 + A + 1 or A -A + 1 is sufficiently factored.
Theorem. If 9 = 1, (1) is true, A is not a perfect square and F3 > A2'3 > 36, then A is a prime.
Proof. Suppose A = pxp2p3a and a is any positive integer. Sincê wise, we say it is a prime of the second kind [10] .) When this occurs, the tests (1) and (3) can be used to attempt to show the primality of A.
If we select G such that G = u2 (mod A), then (G | A) = + 1 ; and if A is the product of the two primes pt, p2, then (G\px) = (G\p2) = 1. If (1) is true, we have three possible cases. If we select G such that G = «2(C2 -16£>) (mod A), then (G |A) = -1; and if A is the product of the two primes p,, p2, then (G |p2) = + 1, (G \px) = -1; and if (3) is true, we again have three possible cases. If H'FXF2F4 = 1 (mod F6), we see that we must have
By using (a) or (b) or both, we can often increase the possible size of ttîj and 7722 to the point where we get pxp2 > A; when this occurs we have proved A a prime. If by using the tests of [10] we are unable to show that A is either prime or the product of two primes, we can use the tests (1) and ( If S = min{Sx, S2, S3, . . . , Sn, S\, SÍ2, S'3,... , S'k} and none of Sx, S2, S3, . . . , Sn, S\, S2, S3, ... , S'k is a divisor of A, then, if G is defined as above and (1) and (3) are both true, any prime of the first kind which divides N must exceed S + K. Thus, M3 must exceed S + K; and this is usually an increase in the previous size of M3
as determined by the methods of [10] .
Other methods which utilize the tests (1), (2), (3), or (4) can also be devised for proving primality. Some of these will be discussed with respect to certain examples in a later section. The method described by Wunderlich and Selfridge [11] was used in this particular program segment.
If, after the factoring, sufficient information is available to prove A a prime, the required final tests are executed. If insufficient information is available, Pollard's [7] method is used to attempt to factor /?,, R2, R4. If this produces enough additional factors, the final tests are executed. This program was run on all the pseudoprimes listed in the factorization tables of ln and fn in [2] . Of the seventy-nine pseudoprimes, forty are easily found to be prime by using only the tests of [1] and B = 5 x 10s. Two of the remaining numbers (the pseudoprime divisors of /331 and /353) have been discussed in [10] . The remaining thirty-seven are also all prime, and the techniques needed to demonstrate the primality of each one are described in Table 1 .
In the first column of Table 1 , we denote by Nn the large pseudoprime factor of ln and by Nn the large pseudoprime factor of/n. In the second column we give the number of digits of the pseudoprime in the first column; in the third column we
give the value of B the program used. When no entry appears in this column, B = 5
x 105. In the fourth column the final tests needed to prove Nn or Nn a prime are
given. These are presented as [1] to indicate that only the tests of [1] were needed; [1] , [10] to indicate that the tests of both [1] and [10] were needed; and [1] , [10] , PW to indicate that the tests of [1] , [10] and those of the present work were needed.
Finally, in the fifth column we give some appropriate remarks. When the letter P appears in this column, it indicates that one of Rx or R2 is a pseudoprime, even though this fact was not needed by the program to prove the corresponding Nn or Nn prime.
8. Some Special Cases. In this section we discuss some of the more interesting of the numbers of Table 1. For N = A368, the number in the introduction, we have (using the notation of See discussion below.
R (53 digits) proved prime using [1] , [7] ,PW (P), then N proved prime using [1] .
R" proved pi.-ime, then N proved Pollard's method found the factor 12815681 of N-l .
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The larger of these (/?2) is easier to prove prime than Rx. In fact, if By using the tests of [1] , [10] and PW (neither R'x nor R'2 is a pseudoprime), A* can be shown to be a prime. It is then a simple matter to prove A356 a prime. and Rx, R2 are both composite. None of the other numbers considered in Table 1 presented as much difficulty in proving primality as this one. The strategy used to prove A prime is a refinement of that used in demonstrating the primality of A371.
In this particular example use was made of tests (1), (2), (3), and (4) as well as all the tests (I, II, III, IV) of [1] and the test (ß) of [10] .
We have M = 1 + B3FXF2F4 > 1038. In order to show that A is the product of at most two primes, we must obtain a large (> 1. (p=-/Y+l (modF6), |p =-A+l (mod F6).
We can obtain positive integers Ax, A2, A3, A4 such that p =A¡ (mod K) for some /' < 4 (Ai < K). It was shown by machine that A¡ + t¡K |A for 0 < t¡ < 186 and 1 < 2 < 4; hence, if p is a prime of the second kind and p |A, then p> 186 x 6.48 x 1020 = 1.2 x 1023.
We have M\> N and M3M > A; it follows that A is prime or N = pxp2, where
Pj is a prime of the first kind and p2 is a prime of the second kind. We suppose that A is the product of two primes and deal with the three possible cases. We also have
Hence, we can determine integers r,, r2 such that
If we use the argument employed in the discussion of A371, we see that for some k we must have Aik) = (r, -r2 + KT + M:F2)2 + 4A a perfect square, where T = iN-rxr2)¡K (mod F2), \T\< F~2, px = 7-j + ijA:, p2 = r2 + r2/T, ij -t2 = T + kF2.
Let fi be the set of all primes, which do not divide K and are less than 100. It was easily verified by using a sieve process that iAik) 17r) = -1 for some 7T G II for each k such that 0 < \k | < 3.6 x 104. Thus, since min(p,, p2) > 2.85 x 1028, and one of tx, t2 must exceed (|7v| -1/2)F2, we have pxp2 > 2.85 x 1028 x 6.48 x 1020 x 1.78 x 107 x 3.6 x 104 >A^. Hence, we can find rx, r2 (different from the preceding rx, r2) such that Pj =rx +txK, p2 =r2 +t2K.
Using reasoning similar to the above, we get tx+t2=T = rxxiN-rxr2)/K (mod FXF3), where \T\<FXF3. We verified that Aik) = (7-j + r2 + KT + kKFxF3)2 -4A cannot be a perfect square for any k such that 0 < k < 8.6 x 104, and we also verified that rx + txK ÏN for 0 < tx < 1040. Let Since A cannot be the product of two or more primes, it must be prime.
In conclusion, we remark that had we wished to use factors of (A5 
